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be sought. Walgate et al. [2] posed the question of whether any non-orthogonal states on a two-dimensional (2D) Hilbert space is optimally distinguished by LOCC. To definitively answer this question, we must consider all optimality criteria. Various optimality criteria have been suggested, such as the Bayesian criterion, the Neyman-Pearson criterion, and the mutual information criterion, but the above question is not answered except for very special cases, such as an optimal error-free measurement for two non-orthogonal pure states [9] [10] [11] . Another reason is that optimal discrimination for nonorthogonal states often requires a non-projective positive operator-valued measure (POVM) on the space spanned by the given states, while any orthogonal states can be perfectly distinguished by projective valued measure (PVM). A POVM is the most general formulation of a measurement permitted by quantum mechanics and is commonly adopted in quantum information theory [12] . To simplify the notation, we denote a POVM with POVM operators that span a one-or two-dimensional subspace of a composite Hilbert space shared by all parties as a 2D POVM. Some important examples of 2D non-projective POVM are a POVM maximizing the success rate for more than two states on a 2D Hilbert space and a POVM giving the result "don't know" with non-zero probability, such as an inconclusive POVM [13] [14] [15] .
Let H ex be a composite Hilbert space and H sub be a subspace of H ex . For simplicity, we say that the POVM { m } on H sub can be realized by LOCC (or one-way LOCC) if there exists an LOCC POVM {E m } (or a one-way LOCC POVM) on H ex such that m = P sub E m P sub for any index m, where P sub is the orthogonal projection operator onto H sub . If any POVM on H sub can be realized by LOCC, then any quantum states on H sub can be optimally distinguished using only LOCC. Walgate et al. ' s question can be rephrased as "Can any POVM on a 2D Hilbert space be realized by LOCC?"
We emphasize that this question would be quite difficult to answer. Instead of a 2D non-projective POVM, one might consider realizing a corresponding PVM, which is obtained by Naimark's theorem [16] , by LOCC. According to Naimark's theorem, any non-projective POVM can be realized by a PVM on an extended Hilbert space. However, if a 2D nonprojective POVM has more than two POVM operators, then so does the corresponding PVM, and such a PVM often cannot be realized by LOCC [17] [18] [19] . Thus, this approach cannot directly answer the question. Alternatively, one might try to decompose a given 2D non-projective POVM into several 2D PVMs. It is known that there exist "decomposable" POVMs, which statistically give the same results as randomly choosing among POVMs each of which has fewer POVM operators than the original one [20] . If a 2D POVM can be decomposed into 2D PVMs, then from [2] , it can obviously be realized by LOCC. However, only a few 2D non-projective POVMs are decomposable [20] .
In this paper, we show that any 2D POVM can be realized by one-way LOCC no matter how many POVM operators it has. Our result answers the above question: A global POVM is not needed for a 2D POVM in finite-dimensional systems, regardless of the optimality criterion used.
It is worth noting that the problem of realizing a POVM by one-way LOCC is closely related to realizing a quantum receiver. Realization of an optimal or suboptimal receiver for optical states using linear optical feedback (or feedforward) and photon counting has been widely studied both theoretically and experimentally [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . This type of receiver performs an individual POVM on each temporal or spatial slot. A POVM can be decomposed into such individual POVMs if it can be realized by one-way LOCC; thus, our result indicates that any 2D POVM can be decomposed into individual POVMs, at least in finite-dimensional systems. It is often important to investigate whether a POVM can be realized by one-way LOCC to check whether it can be implemented using only feasible resources when the whole system is spatially or temporally separated.
In Section II, we present some necessary preliminaries, where we show that any 2D POVM can be realized by one-way LOCC if any POVM with finite rank-one POVM operators on any 2D bipartite Hilbert space in which Alice's subspace is 2D can be realized by one-way LOCC from Alice to Bob in which Bob's POVM is always 2D. In Section III, we recall the idea of Walgate et al. [2] , which provides a method for realizing a 2D PVM by one-way LOCC. In Section IV, we consider realizing a 2D non-projective POVM. We show that, by extending Walgate et al.'s idea, any POVM with finite rank-one POVM operators on any 2D bipartite Hilbert space in which Alice's subspace is 2D can be realized by one-way LOCC from Alice to Bob in which Bob's POVM is always 2D (Propositions 8 and 10; also Theorem 2). We conclude the paper in Section V.
II. PRELIMINARIES
We first consider a bipartite system. Let |ψ and |φ be two linearly independent quantum states shared by Alice and Bob. We can write, in general form,
where {| p n A } are quantum states of Alice, and {|q n B } and {|r n B } are quantum states of Bob. {| p n A }, {|q n B }, and {|r n B } are generally unnormalized and non-orthogonal. Let H A = span({| p n A }) and H B = span({|q n B }, {|r n B }).
Also, let H be a 2D Hilbert space spanned by |ψ and |φ .
We denote such H as a 2D (N A , N on H and want to optimally discriminate between them in a certain optimality criterion. Our main result is that any 2D POVM (in finite-dimensional systems) can be realized by one-way LOCC (see Corollary 4) , which indicates that any optimal discrimination of {ρ l } can be realized by one-way LOCC.
First, we show that our main result can be reduced to a simpler one. For example, from [31] , any POVM with a continuous set of outcomes (including the discrete outcomes) on a finite-dimensional Hilbert space is equivalent to a continuous random choice of POVMs with finite outcomes. Thus, it suffices to show that any 2D POVM with finite outcomes can be realized by one-way LOCC. Let In this paper, we will prove the following theorem: Theorem 2: Any POVM with finite rank-one POVM operators on a 2D (2, N)-space can be realized by LOCC A→B 2 .
From Lemma 1 and Theorem 2, we can easily obtain the following corollary (the proof is omitted):
Corollary 3: Any POVM on a 2D bipartite Hilbert space (in finite-dimensional systems) can be realized by LOCC A→B 2 .
Note that Corollary 3 holds under permutation of Alice and Bob; i.e., any POVM on a 2D bipartite Hilbert space can be realized by one-way LOCC from Bob to Alice in which Alice's POVM is always 2D.
We can also easily extend this corollary to multipartite systems in a way similar to [2] .
Corollary 4: Any POVM on a 2D multipartite Hilbert space (in finite-dimensional systems) can be realized by one-way LOCC.
Proof: Let us imagine a tripartite system: Alice, Bob, and Charlie share two linearly independent quantum states |ψ and |φ , which can be represented by
instead of (1). In (2), Bob and Charlie are first grouped as one party. We can show that any measurement on any tripartite 2D Hilbert space can also be realized by one-way LOCC. Indeed, Alice performs a measurement on her system according to the bipartite one-way LOCC protocol (which we will propose in this paper) and tells the result to Bob and Charlie. Bob and Charlie should realize a 2D POVM, which is possible by using the same protocol. This argument can easily be extended to any multipartite system.
III. REALIZATION OF 2D PVM BY ONE-WAY LOCC
In this section, using an example, we recall the idea of Walgate et al. [2] , which provides a way to realize a 2D PVM by one-way LOCC. Let |ψ = |S and |φ = |T 0 , where
and
We can easily see that |S and |T 0 are orthogonal. If |+ α and |− α are the spin-up and spin-down states of a spin-1/2 particle, then |S and |T 0 are, respectively, singlet and triplet states of two particles. Suppose that Alice and Bob are spatially separated from each other and share a pair of particles in a state of either |S or |T 0 . They want to perfectly discriminate between the orthogonal states |S and |T 0 by one-way LOCC. This problem is identical to the problem of realizing the PVM {|S S| , |T 0 T 0 |} on H by one-way LOCC. If Alice simply performs a measurement in the ONB {|+ A , |− A }, then Bob cannot discriminate between |S and |T 0 ; for example, if the outcome of Alice's measurement is |+ A , then Bob's state is transformed into |− B , regardless of whether they share |S or |T 0 . Thus, Alice needs to use a proper ONB. |S and |T 0 are rewritten as
where
Alice may just perform a measurement in the ONB {|0 A , |1 A } and tell the result to Bob, and he can then find out which state they share by discriminating between |0 B and |1 B .
From [2] , for any 2D (2, N)-space, H, any ONB {|π , |π ⊥ } in H can be represented as the following form in Alice's proper ONB {|0 A , |1 A }:
where |η k B and |ν k B are orthogonal for each k ∈ {0, 1} but not necessarily normalized. We can see that (4) is a special form of (5 
with 0 < γ 1 ≤ 1 and π|π = 1. Let |π ⊥ ∈ H be a normalized vector perpendicular to |π so that {|π , |π ⊥ } is an ONB in H. We choose an ONB {|0 A , |1 A } in H A such that |π and |π ⊥ are expressed in the form of (5) .
B obviously hold. Also, let P be the orthogonal projection operator onto H and I B be the identity operator on H B . Let
From (5), we have
Thus, we can assume without loss of generality (by suitably permuting |0 A and |1 A ) that η 0 ≥ ν 0 . We will first consider in Subsection IV-A the case in which the following condition holds:
as we will show, in this case, Alice can simply measure her side of the system in the ONB {|0 A , |1 A } to realize { m } by one-way LOCC. Next, in Subsection IV-B, we will consider the other case.
A. The Case in Which (9) Holds
We here consider the case in which there exist Bob's 2D POVMs
B such that for any m with 1 ≤ m ≤ M, m is expressed by
In this case, { m } is realized by one-way LOCC when Alice measures her side of the system in the ONB {|0 A , |1 A }, as shown in the following lemma. 
From (10), m = P m P holds for any m with 1 ≤ m ≤ M, which means that { m } can be realized by one-way LOCC.
We can derive a necessary and sufficient condition that there exist Bob's 2D POVMs { exists such that
In particular, setting c m = c 2 for any m ≥ 3 gives the following lemma (proof in Appendix B). Lemma 7: If (9) holds, then there exists {c m } satisfying (12) .
Lemmas 5-7 immediately lead to the following proposition (the proof is omitted).
Proposition 8: A POVM with finite rank-one POVM operators on a 2D (2, N)-space can be realized by LOCC A→B 2 if (9) holds.
Note that if { m } is a PVM, then since γ 1 = 1 holds, (9) always holds.
As an example, we consider 
|π and |π ⊥ can be written as
with some complex values x and y with |x| 2 +|y| 2 = 1, where * denotes the complex conjugate. Indeed, we can easily verify that {|π , |π ⊥ } is an ONB in H. Substituting (4) into (14), we can represent |π and |π ⊥ in the form of (5) as
From (15), η 0 = ν 0 = 1/2 holds, and thus (9) 
where |T + = |+ A |+ B . After some algebra, we have η 0 = 1, ν 0 = 1/2, and γ 1 = 2/3, and thus (9) does not hold. Actually, in this case, (9) can be satisfied by permuting 1 and 2 . However, there exist 2D POVMs { m } M m=1 such that (9) does not hold for any permutation of the POVM operators. As an example, let us consider a POVM { m = |π m π m |} 3 m=1 on H = span(|S , |T + ) with |π m = √ r m (cos ω m |S + sin ω m |T + ); when ω 1 = 0, ω 2 = 2π/7, ω 3 = −2π/7 (in this case, r 1 ≈ 0.364 and r 2 = r 3 ≈ 0.818 must hold so that { m } is a POVM), any permutation of the POVM operators does not satisfy (9) .
B. The Case in Which (9) Does Not Hold
From Proposition 8, all we have to do now to prove Theorem 2 is to show that a POVM { m } can be realized by LOCC A→B 2 when (9) does not hold. We here consider making Alice's subsystem interact properly with her auxiliary system. Let H S be Alice's 2D auxiliary system and {|s 0 , |s 1 } be an ONB in H S . Also, let
with an operator A on H, where U S A is a unitary operator on
). We can easily see thatP is the orthogonal projection operator ontoH.
We consider the following one-way LOCC POVM: Alice prepares the auxiliary system in a state |s 0 and transforms ρ l intoρ l = L(ρ l ) using U S A . Then, Alice and Bob perform a measurement corresponding to the POVM {˜ m } M m=1 ,
is a 2D POVM onH. From (17) , for any l with 1 ≤ l ≤ L and m with 1 ≤ m ≤ M, we have 
We consider the case in which there exist 2D POVMs {˜ 
satisfying (20) that can be realized by LOCC A→B 2 .
Proof: As described above, if {˜ m } can be realized by LOCC A→B 2 , then { m } can also be realized by LOCC A→B 2 . We consider the following one-way LOCC measurement for {ρ l } (described by the POVM {˜ m } M m=1 ): Alice first performs a measurement on H S in the ONB {|s 0 , |s 1 }. Let k ∈ {0, 1} be its result. Alice and Bob then perform a measurement corresponding to the 2D POVM {˜ 
From (20),˜ m =P˜ mP holds for any m with 1 ≤ m ≤ M, which means that {˜ m } can be realized by LOCC A→B 2 . Using Lemma 9, we can show the following proposition. Proposition 10: A POVM with finite rank-one POVM operators on a 2D (2, N)-space can be realized by LOCC A→B 2 if
Proof: Let { m } M m=1 be a POVM with rank-one POVM operators on a 2D (2, N) (20) . Also, we show
(1)
for some real number θ . Such U S A is not uniquely determined; we can choose any U S A satisfying (23) . Let 
then there exist 2D POVMs {˜ (25) and
holds (see Appendix C). Note that from (22), the right-hand side of (26) does not exceed 1, and thus there exists θ satisfying (26) . Next, we show that such 2D POVMs {˜ 
where 
If k = 1, then |π and |π ⊥ are respectively transformed into |s 1 |π and |s 1 |π ⊥ , where
m } is on span(|π , |π ⊥ ), which is a 2D (2, N)-space from (30) . In addition, since˜ m } can be realized by LOCC A→B 2 , since any 2D POVM with less than three non-zero POVM operators can obviously be realized by LOCC A→B 2 [2] .
Proof of Theorem 2: Obvious from Propositions 8 and 10. Alice performs a measurement in the ONB {|0 A , |1 A } and reports her result k ∈ {0, 1} to Bob. 6: Bob performs a measurement described by the 2D POVM {
m is obtained from (42)). 7: else 8: Compute U S A such that (23) holds (θ is obtained from (26)).
9:
Alice prepares the auxiliary system in a state |s 0 and transforms ρ l intoρ l = L(ρ l ).
10:
Alice performs a measurement in the ONB {|s 0 , |s 1 } (denote its result as k).
11:
if k = 0 then 12: Bob performs a measurement described by the 2D POVM { m } M m=1 satisfying (27).
13:
Regard s 1 |ρ l |s 1 and {˜
, respectively. 15: end if 16 : end if 17: until Bob performs a measurement. Output: the outcome of Bob's measurement. 
C. Schematic Diagram for Realizing 2D POVM
A schematic diagram of our measurement process in the case of a POVM with finite rank-one POVM operators on a 2D (2, N)-space is sketched in Fig. 1 . Alice first determines whether she performs a binary measurement on H A or makes her system interact with her auxiliary system H S followed by performing a binary measurement on H S . The decision rule is given by (9) . Then, in the former case, Alice tells the result k to Bob, and he performs a measurement on H
In the latter case, whether Alice or Bob performs a measurement is determined by the result of Alice's measurement in the ONB {|s 0 , |s 1 }. Alice repeats the above sequence the necessary number of times. This procedure stops after a finite number of steps. Bob may perform a measurement only once at an appropriate time.
The entire algorithm for realizing such a measurement is found in the following pseudocode:
Note that our results can immediately be applied to an optimal error-free discrimination for two non-orthogonal pure states spanning a 2D Hilbert space, in which case the algorithm is given in Refs. [9] and [10] . Our algorithm provides another approach for realizing such an optimal error-free discrimination.
V. CONCLUSION
We have proved that any 2D POVM in finite-dimensional multipartite systems can be realized by one-way LOCC. This implies that multipartite quantum states on a 2D Hilbert space can always be optimally distinguished by one-way LOCC no matter which optimality criterion is applied. This also means that in a 2D case, any entangled information of quantum states obtained by a global POVM can also be obtained only by one-way LOCC, at least in finite-dimensional systems.
APPENDIX A PROOF OF LEMMA 6 We first restate Lemma 6. exists such that
A. Preparations
First, we define some operators. Let
where x − is defined as x −1 if x = 0 and zero otherwise. B , respectively. Let P k = S k T k ; then, from (31) and (32), for any k ∈ {0, 1}, we have
Since η k η − k and ν k ν − k are 0 or 1, P k is the orthogonal projection operator onto span(η k |π , ν k |π ⊥ ) (note that if η k = 0 and ν k = 0, then P k = P). Also, for any k ∈ {0, 1}, we have
where the second equality follows since |η k and |ν k are orthogonal vectors of H
(k)
B , and
holds. Moreover, for any operator X on H B and k ∈ {0, 1}, we have
Indeed, from P = |π π| + |π ⊥ π ⊥ |, we have
where the second line follows from
Thus, since |k k|
holds. We also define
which includes the definition of Z 0 in (13) . We can easily obtain S k I B = S k from (31); thus, from (35), we have
Substituting (31) into (38) yields
B. Necessity
Here, we prove the necessity. Since m is a rank-one operator, to satisfy (10) there must exist {c m } M m=1 with 0 ≤ c m ≤ 1 such that for any m with 1 ≤ m ≤ M,
In contrast, since 
where the third and fifth lines follow from (35) and (38), respectively. Therefore, {c m } satisfies (12).
C. Sufficiency
Here, we prove the sufficiency. Assume that there exists {c m } M m=1 satisfying (12) . It is sufficient to show that 2D POVMs { (0) m } and { (1) m } exist such that (40) holds. Indeed, in this case (10) is obtained from the sum of the first and second lines of (40). Let 
and (39),
Thus, from (42), for any k ∈ {0, 1}, we have
where the second and third equalities follow from (38) and (34), respectively. Therefore, { B . From (35) and (42), for any k ∈ {0, 1}, we have
Thus, to prove (40), it suffices to show c
m . Since P k ≥ Z k holds from (33) and (39) (A ≥ B denotes that A − B is positive semi-definite), we have
where the second inequality follows from (43). Thus, since P k is the orthogonal projection operator, c
holds. Therefore, (40) holds.
APPENDIX B PROOF OF LEMMA 7
We restate Lemma 7. Lemma 7: If
holds, then there exists {c m } satisfying
Proof:
be a POVM with rank-one POVM operators on a 2D (2, N)-space H satisfying (9) . Let 
where the third line follows from 1 = γ 1 |π π| and P = |π π| + |π ⊥ π ⊥ |, and the last line follows from (39). Therefore, {c m } of (47) satisfies (12) .
APPENDIX C SUPPLEMENT OF (25) AND (26) Assume
we will show that there exists {c m } such that
and˜ ( 
Premultiplying and postmultiplying both sides of (25) by U † and U , respectively, yield
Let P s 0 = |s 0 s 0 | ⊗ I AB ; then, from
Z 0 =P P s 0P holds. Thus, we have
The second equation of (51) follows from P s 0 = P 2 
and U S A |s 0 |0 A = (sin θ |s 0 + cos θ |s 1 ) |0 A , 
where the second line follows from Z k = P(|k k| A ⊗ I B )P, k ∈ {0, 1}.
From (50) and (54), (25) is equivalent to (49). Now, we show that there exists {c m } such that (25) and 
where the last line follows from 1 = γ 1 |π π| and P = |π π| + |π ⊥ π ⊥ |. Thus, from (39), (49) (i.e., (25) ) is equivalent to
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